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Improved Secant Method Applied to
Boost Trajectory Optimization
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The present study presents a secant trajectory optimization procedure which, when combined with a min-H
steepest-ascent algorithm, efficiently produces optimal lifting boost trajectories. The form of the secant is
simpler than the secant procedure which has been used entensively at the Marshall Space Flight Center. Ap-
proximations of the Jacobian using a least squares procedure helps to speed convergence of the procedure.
Results of a complex lifting boost trajectory optimization carried out using the improved secant are summarized.

Introduction

ITH the advent of the space shuttle program, a great

deal of interest has been generated in optimal lifting-
booster flight in the atmosphere. The synthesis of such tra-
jectories requires the solution of a very complex two-point
boundary-value problem.

Over the past fifteen years, a number of computational
techniques have been proposed for the solution of complex
two-point boundary-value problems. These can be charac-
terized as gradient methods ¢ and higher order methods. ™12
The gradient methods are, relatively speaking, easier to
implement on a computer, and give good convergence when
far from the solution. On the other hand, although the higher
order methods converge well when near the solution, they
suffer from the disadvantage of being either much more
complex and difficult to implement, or very difficult to
initiate with trial solutions, or both. It was felt that the
combination of the min-AH3* method and a numerical secant
method '»!* would lead to a technique which would be
relatively easy to implement, easy to initiate, and in addition,
efficient in its convergence properties.

The choice of control variables was felt to be a significant
issue in this study. Atmospheric flight has generally been
described in a velocity or noninertial coordinate system with
angle-of-attack as a primary control variable'?; whereas, in
the Saturn V program, inertial attitude angles were used as
control variables during the launch phase.!’ It has been
observed that the use of angle-of-attack as a control variable
in a gradient program is inherently unstable and that inertial
attitude angle control variables are to be preferred. In ad-
dition, the use of inertial attitude angles makes it somewhat
easier to define a nominal launch trajectory since the direction
of thrust is uncoupled from the path flown. Consequently, the
equations of motion herein are formulated in a Cartesian
system using inertial attitude angles as control variables. It is
shown that it is not difficult to describe aerodynamic forces
and the condition of optimality in such a system, contrary to
what might at first be assumed.

For the present study, two programs were constructed.
Both were identical in terms of Earth model, coordinate
systems, control variables, vehicle characteristics, and staging
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logic. The first program was a min-H steepest ascent
program, and the second was a secant controlled program
which satisfied the optimality conditions of the calculus-of-
variations. Trajectories were initiated on the min-H program
with final convergence provided by the secant-COV program.
Both programs model the earth as an oblate rotating
spheroid. Atmospheric properties are calculated using the
Partick 1963 model atmosphere. Aerodynamic axial force and
normal force are assumed to be functions of angle-of-attack
and Mach number.

Secant Method

The development of the secant method begins with the
optimization problem stated in the usual form, i.e., extremize
a performance index ¢ (X, ;) subject to the constraints

X=F(X,a,8,1)

X(tg)=X, ¥(Xpt)=0 1)
where X is an n-vector of state variables, # is an m-vector of
control variables, 8 is a g-vector of system parameters, and ¢
is a p-vector of terminal constraint relations. Through
standard operations3#!112 the problem can be reduced to a
two point boundary value problem in 27 variables, Z, made up
of the X’s and n Lagrange multipliers, A. In the usual
trajectory optimization problem '''2 n of the quantities Z are
known at ¢y, and n(n+1 if ¢, is unknown) relations between
the Z’s and f; are known at the final time. The secant
procedure basically calls for one to guess the unknown 2’s at
t, (denote these quantities X) and then to integrate a trajectory
based on these guesses. At the end of the trajectory, the n or
n+ 1 terminal conditions (call these f) will not be satisfied.
The quantities f are functions of the final values of £ and t
which in turn are functions of the guessed quantities, ¥. Thus,
each complete trajectory gives a set of values f(xX), and the
goal is to find ¥ such that

J(x)=0 )

Since each value of f(%) requires integraion of a complete
trajectory, and random guessing of the %X vector will not
generally lead to satisfaction of Eq. (2). Some type of con- -
vergent iteration procedure is required for solution of the
problem.

In the perturbation method for solving the n nonlinear
equations f(%)=0, a Jacobian matrix 8f79%, is generated
after each n iterates (the usual value of n is 1). The fact that
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the Jacobian is based upon a single trial solution plus » linear
variations about the trial solution implies that information
available from earlier trial solutions is ignored.

It is possible to develop methods predicated upon the
supposition that information gleaned from.successive trial
solutions may be sufficient to provide a reasonable estimate
of the direction in which the solution lies. In place of
generating 7 linear perturbations about a singie nonlinear trial
solution, one may generate n+1 trial solutions (using the
nonlinear equations of motion) and then calculate an estimate
of the Jacobian based on the end conditions of the n+ 1 trial
solutions. Once n+ 1 trial solutions have been generated, a
new Jacobian can be calculated after each successive trial
solution. The new Jacobian can be calculated by two distinct
procedures. The ‘‘best’” n+ [ trial solutions can be employed
to construct the Jacobian in a least squares sense. If more
than n+ 1 trial solutions are used in conjunction with least
squares, the Jacobian matrix defines a plane cutting through
the surface (%) near which the trial solutions lie.

In the perturbation method, the Jacobian defines a plane
tangent to the surface f(X) on which fis linearly related to ¥
for small variations about the tangent point. In the methods
where n+ 1 trial solutions are utilized, the Jacobian matrix
defines a plane cutting through the surface f(X) (a sort of
average tangent plane, or, more precisely, a secant plane) on
which the trial solutions lie.

A secant method for solving Eq. (2) has been developed at
the NASA Marshall Space Flight Center (MSFC) and has
been used in both trajectory optimization and guidance. A
brief derivation of the improved secant procedure will now be
given. The MSFC secant procedure will be identified prior to
the simplifications which improve the procedure.

Consider the case in which Eq. (2) is an n-vector. We choose
n+1 sets of points X'(i=12,...,n+1) and integrate the
trajectories to obtain the vectors f (i=1,2,...,n+1). Now we
fit a “‘plane’’ in n space through the n + I values of f;, another
“plane’’ through the n+ I values of f,, etc. The equation of a
plane in n space is f,=a;x;+ b;. The n+1 relations for f,
corresponding to the n+1 data sets %' give n+1 linear
equations in the n+ 1 unknowns (a;;,b,;) (j=1,n). Similarly,
the equations for f,, f3, ....f, give (n—1)x(n+1) ad-
ditional linear equations in the (n—1) X (n+1) variables
(a;.b;) (i=2,...n,j=1,...n). The solution of this set of linear
equations can be written as

G=Y"'F 3)

where Gis an (n+ 1) X (n) matrix given by

xj x5 x} Xy 1

xithoxgth xar! Loxntl ]
and Fisan (n+ 1) X n matrix given by

s

fr1:1+1 h+1
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Note that the superscripts on the x’s denote the initial con-
dition set (point in n-space) used to generate the trjaectory and
those on the f;’s denote that those values of the terminal
conditions result from that set of initial conditions.

We now seek a new vector (x*¥,1) which has the property
that it lies at the intersection of the n planes in n space, i.e.

1T =1(x)7T i 11G @

Equation (4) has 2n unknown quantities, the ¥"°¥ vector and
the f™ = f(X"*) vector. We obviously cannot solve Eq. (4)
unless more information is available. At MSFC, decreasingly
small values are prescribed for the f™* components in order
to achieve convergence.

Since the last element in the new vector is 1, we can rewrite
Eq. (4)as

Tewy 7T ¢ — gnewy7 1 G :
(g™ =17 1] 5 )
1

in order to make the matrix containing G square. Solving Eq.
(5) for the unknown vector and substituting for G from Eq.
(3) we get

- -1
()T =170 | F it | ¥ ©

This is the form of the secant implemented at MSFC. The
details of the derivation between Eq. (5) and Eq. (6) are given
in Ref. 16.

An improvement in the secant can be obtained by the
obvious choice of f™* =0 in Eq. (6). The fact that the row
vector [(f™*)7 i /] now has only one nonzero element
means that only the last row of the matrix following it is
needed. Let F; denote the matrix inverted in Eq. (6) and let F;
be partitioned into four submatrices with the lower right-hand
submatrix being a scalar. Then F; and F,~/ can be written as

A { B P Q
F, = , Fil= . )
c i Ri s

where P, Q, R, and S are given by

P=(A-BC) ! ®)
Q=-A(A-BC) " 'B 9
R=-C(A-BC) ! (10)
S=1+C(A=BC)'B 1

Thus, after using Eqgs. (7)-(11) in Eq. (6), we get

(@) i =[R SIY (12)

Since, from Eq. (10) and (11), S=1—RB, Eq. (12) can be
rewritten in component form as

x[l ....xl'_’ +1

xXPv =x7+I 4 R { :
i { .
+1
xl','....x;’

' (i=1,..,n)  (13)

Inserting the quantities making up R into Eq. (13), and then
substituting for A, B, and C in terms of the f values, Eq. (13)
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becomes

XV = g+l () T Aff - AfT -1 Ax! (14)
Aff - Af; Axj

for (i=1,2,...n) where Af} =Af}— A" (,k=1,2,...n)
and Axi=x{—x7*/ (j=1,2,...n). Note that the improved
form of the secant, Eq. (14), is in the form of an update to
x7*7 and that a percentage of the update can be used to
control convergence.

i

Relation to Newton’s Method

The relation of the secant method to Newton’s method is
easy to see from Eq. (14). Let us write the Af} quantities as

o af;
Afi = afl AX 4.+ af Ax, (ij=1,...n) (15)

and then rewrite this relation in matrix form as

[ AfL.AST ] Axi...Ax]
=J
AfL. Af  Axl..Ax] ] (16)

where
U AfS. Af Axl...Ax7T T -1
dax; 9x,
J=| i i = i
af, a
Yn U AfL  AfT Axl...Ax]
ax; 0x,
(7

Newton’s method in n dimensions using £7*! as the base
point can be written as

xnew:xn+1__J—lf7l+l (18)
where J is computed based on £! through x”. If the form for J

in Eq. (17) is substituted into Eq. (18), and the equation is
transposed, we get

(anW) T—

Afy...aft
Aft. ALy

~ [ -1 Ax)...Ax}
(x-n+l)T_(fn+l)T l: .

Axi...Axy

(19)

However, Eq. (19) can be written as a form precisely like Eq.
(14). Thus, the secant method is basically a Newton’s method
with numerical partials. The fact that good numerical partials
require small intervals indicates that a good strategy for
discarding *’s might be to ignore the one farthest from x¥,
providing a good definition of ‘‘far’’ can be found.

Least Squares Utilization of all Data

As soon as the minimum number of data sets has been
attained and an iteration is made, an extra data set is
available. Several strategies are then possible.

1) Discard the ““worst” data set and use the new one in its
place. This has been the policy heretofore.

2) Replace each data set in turn by the new data set and
calculate another "%, This will lead to a number of can-
didate points for X"V, For the case of a linear fit and one
extra data set, n such points can be calculated. We then
choose the ““best” £"¥, £%, to be the one that minimizes the

J. SPACECRAFT
quadratic form
N :
) E (xi —x?)?2 (N=candidate points) 20)
j—1

To do this we form

3¢ a
555 =0=—2) (¥-xD) @1
Therefore
1 N
x=— ) ¥ 22)
i=1

According to Eq. (22), the best estimate, x?, in the least
squares sense, is just the average of the candidate x;.

Instead of finding the best estimate of x; using candidates
calculated from different sets of function coefficients, a very
efficient algorithm for handling large numbers of excess
points can be developed by finding the ‘‘best’’ set of function
coefficients in a least squares sense and then using these to
find a unique x?. The equations relating f and %, when
available, formed as k > n data sets, are

Aff 7 Ax} Axh 7 a, |
Af; = | ax] ax [ b, _. 23)
a5 ax o
and
Af, =AxA, (24)
where
Ax)  Ax} Aff T ma, |
Ax= Axj Axd Af,= | Af A=
A.Ev’,‘ Ax’; _ A}z i b -
(25)

We now wish to choose the function coefficients so as to
minimize

¢i=[Afi—AaxA} T[Af, - AxA;] (i=1,...,n) (26)

a9

—_—=0=— Af. — a7

A, 0 2[Af;—AxA;]
Ax=AfTAx~ATAxTAx X))

The coefficients satisfying Eq. (27) are

a, a; Aft Afs
= [AxTAx] ~!AxT J=JT (28)
b, b, Aff Af%

If k=n, this reduces to Eq. (14). This last method seems to
have several advantages. First of all, only one inverse is
required instead of one for each candidate x;. Second, and
more importantly, this form is not likely to suffer from ill-
conditioned inverses.

4) Since the best estimate of J is not necessarily the inverse
of the best estimate of J~/, a way of utilizing the two
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estimates is examined. Define x and $ as

I RTe }

where m>n.
If the Jacobian, J, exists then we should have

$=Jx | (30)
Definge ~T as
eT=Jx—% 31)
and choose J to minimize
I=éTe=(Ix—®) (x"JT—27) 32

The best estimate of J, J, satisfies

IxxT—exT=0 33)

Thus
J=&xT(xxT) ! (34)
and
| Jol= () (@xT) ! 35)

Define P as the best estimate of J =7, i.e., P=J-!, Now let us
define 4T as

77 =Po—x (36)

Now let us choose P so as to minimize the product ¥ 74. The
best estimate of P, P, is given by

P=(x2")(&27) €0)]
Note that if m=nboth Pand J ~/ reduce to
P=J"l=xd" (38)

but otherwise, they are different. The extent of the difference
is a measure of the correlation of the data. In fact, the
product of (/) and (J ’y can be thought of as a generalized
correlation coefficient for the data involved. The correlation
matrix is

C=(@xN ") " (x2") (227) ' (39

If the matrices are square and invertible C reduces to the
identity matrix. If all the data lie exactly in an n-dimensional
plane, C will again reduce to the identity matrix. If the data
are scattered out of an n-dimensional plane, C will not reduce
to the identity matrix, and the extent of the difference is a
measure of the scatter. The least squares estimates of J ¢,
given two separate estimates of J ~/, is the average of the two.
Therefore, the best we can do is

(S =(AXT/2) [AX(AFTAx) ~' + AF(AFTAF) '] (40)

Sample Problem

The example problem chosen was a two stage lifting boost
trajectory to a 50 naut mile circular orbit starting from a 60°
launch azimuth at Cape Canaveral. There was no terminal
constraint on azimuth, but full three-dimensional control was
available on both stages. The Earth was modeled as an oblate
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spheroid rotating about its polar axis at a constant rate. A
Patrick 1963 model atmosphere which rotated with the Earth
(no winds) was employed.

All turns were assumed to be coordinated (no sideslip) and
the thrust vector was assumed to be coincident with the
vehicle’s longitudinal axis. A 3g limit was employed on both
stages to limit the axial acceleration. This limit forced
throttling in each stage. The equations of motion for the boost
vehicle in nonthrottling flights are

T,
m

o=

+ S b+c)lé
qﬂ( olé

—q(S/m) (bcosa+a) VR +g
F=0v
l‘"= - (Oga/Tv)m

In the equations above, F is position, v is velocity, u is a
mass parameter to be explained below, T, is vacuum thrust,
A, is exit area, m is mass, p, is ambient atmospheric pressure,
¢ is a unit vector along the body axis, q is dynamic pressure, S
is reference area, and V; is a unit vector along the direction of
the vehicle velocity relative to the atmosphere. The quantities,
a, b, and ¢ are tabular aerodynamic coefficients which are
functions of the Mach number, which give aerodynamics
representative of the space shuttle. Also, g is the gravitational
acceleration vector, ¢ is fuel mass flow rate through the
engine, and g, is the axial acceleration limit. The seventh state
variable, pu, is defined as the fuel plus the payload so that
m=u+m,where m, is the sum of all masses jettisioned
during the flight. By this artifice the seventh state variable, p
is made to be continuous at all times, including those times at
times which mass is discontinuous. R

The control variables are g, ¢, and Fg. The unit vector é
(along the vehicle centerline) and ¥ (along the relative wind
direction) are defined by inertial angles references to launch
site coordinates at liftoff. For further details of the
simulation, the reader should refer to Ref. 17.

In order to obtain starting values for the secant procedure
which were within its envelope of convergence, a min-H
procedure was employed. Fifteen iterations were sufficient to
get within the convergence envelope of the secant. The

1.8,
1.6

1.4115 Iterations —

1.2
Nominal

~ tadians

1.0¢4

*p

100 200 300 400 500
Time ~ Sec

Fig. 1 x, time histories.
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Fig.2 x, time histories.

controls iterated upon were the two inertial angles which
defined ¢ and Vi, x, and x, (x-pitch and x-yaw). The initial
guesses for x, and x,, the min-H result after fifteen
iterations, and the optimal values for an example boost
trajectory are shown in Figs. 1 and 2. The min-H results had
not converged at fifteen iterations and were continuing to
improve the performance index at the time that the min-H
process was stopped and the secant procedure was initiated.

The function f(£) =0 used in the secant was a 7-vector
defined as follows.

f(1)=v—7848.5949 m/sec=0
fQ)y=ro=u-x+v-y+w-2=0
f(3)Y=r—6470762.m =0

S(4) =vN" — WA+ YNT—2N =0
J(5) =whN¥—uN"Y + 2N —xN*=0
Sf(6) =ur’—UN*+ XN —yN* =0

F(Y=R" - G+RNF+N"h=0

In the simulation the final value of the Hamiltonian was
included in the constraint set, and A}’ was varied by the secant
process. In each of the terminal necessary conditions, sums of
terms are required to be zero. The largest component part of
each sum, in absolute value, was divided into each f(i) thus
normalizing each f(i) to 1. For example

f(4) =f(4)/max{ loA¥ [, [wA®l, IyAZ], 1A ]}

In this way the closeness of each error term to zero can be
monitored in terms of comparable significant digits. A
composite error term E was defined as

7
E=Y, If(i)!
i=1

The ‘‘best’’ point was defined as having the smallest value of
E, the ““worst’’ data point was defined as having the largest
value of E.

The secant process begins by running a nominal and then
varying each A; and 7, by a small amount in order to construct
as nearly as possible a good Jacobian matrix, J, where

The first update to the variables is possible after the eighth
trajectory. Two excess data points were accumulated for the
least squares process, and the number of data sets was then
limited to 10 with ““worst’’ points thereafter being discarded.
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The average of two estimated Jacobians was employed in
subsequent iterations.

The secant program was initiated with the initial conditions
given earlier, taking f; to be 456.8 sec. The terminal é vector
resulting from the nominal choice of A, and ¢, was

(f) T=[.013644, —.009440, —.322791,
—.0470097, .0875401, .0030747, .0656752]

The Ay, df; vector with which the initial Jacobian was
constructed was

[ONYENON*ONYENZONTdE,] =
{10310 -*10-%10 ~*10 —°10 ~*10 ~3]
The convergence criteria used for fwas
L) TI< [10 7410 4107410 =310 ~*10 =310 ~2]

Convergence was obtained after a total of 20 trajectories were
run, including the eight necessary to start the process. The
final value of fwas

O T=[-.788x10 5,148 %10 5, —.503x 10 7,
911x10 73, —.212x1075,.616x 10 ~%,.344x 10 7]

In order to avoid variations that in some sense are too large,
the variations in the parameter set were scaled so that the
variation in N¥, in absolute value, did not exceed .01. Ob-
viously a great many other criteria for scaling can be
imagined. However, this seemed to work reasonably well for
this simulation. Table 1 contains a summary of the 20
trajectories required to converge this problem. The second
column contains the composite error function for each
trajectory, and the third column contains the scale factor
necessary to insure [6A*| <.01. Since at least eight trajec-
tories are required before the first update can be made, the
scale required to insure 16A%| =.01 is not applicable for the
first eight trajectories. The converged \ at £ is given

0.515764 | .00012609
=1 A = | .026029 A" = 0040149
0.16316 .000086608

Table 1 Values of trajectory number, E, and scale

Trajectory number E Scale

1 .549 -
2 .509 -
3 .548 -
4 .548 -
5 551 -
6 .543 -
7 .543 -
8 .549 -
9 .625 .76
10 .609 1.

11 .289 357
12 104 .845
13 0814

14 .0527

15 0158

16 .00269
17 00126
18 00772
19 .00452
20 .0000453
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The values can be compared to the nominal values given
previously. The converged trajectory resulted in a payload
improvement of 330 kg out of approximately 170,000 kg. The
plots for the secant converged values of x, and x, are the
optimal values shown in Figs. 1 and 2.

If the secant process appears to start diverging at any point
due to the stringing out of data points and subsequent loss of
rank in the coefficient matrix, the process can be restarted
merely by looping back through the initialization loop. In
fact, if this is done after each iteration, a standard batch
processed numerical Newton’s method results. Therefore, any
secant routine with minor logic modifications contains a
numerical Newton method as a special case and hence can be
made to approximate the results obtainable with the ‘‘per-
turbation method.”’

Conclusions

An updated version of the secant method has been
presented in which an excess data point is kept and a least
squares procedure is used to approximate the Jacobian. The
relation and near equivalency of the secant to Newton’s
method is shown. The least squares procedure seems to aid
convergence and makes the procedure less likely to encounter
ill conditioned matrices during the iteration process. In ad-
dition, if an ill conditioned matrix is encountered, the logic
can be programmed to add additional trajectories to those
being used (one at a time) until the ill conditioning is
eliminated. The improvements presented will hopefully make
the secant method a more reasonable optimization procedure
to use.
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